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My background

• Mathematics/Philosophy

• Post-compulsory education (16-19) PGCE 

• MSc in AI: An Investigation into Philosophical 
Dialectic

• PhD in AI: A Computational Model of Lakatos-
style Reasoning



My research
Cognitive aspects of mathematical reasoning (DReaM Group)

Computational Creativity Project (Computational Creativity 
Research Group) 

Crowdsourced Math Project (Theory Research Group)

Argumentation and mathematics (Arg-Tech) 



To come...

• Part I: the relationship between 
argumentation and mathematical proof

• Part II: philosophical and linguistic aspects 
of the process of constructing and 
presenting mathematical proof

• Part III: hands-on analysis of mathematical 
and non-mathematical arguments



Part I: the relationship 
between argumentation and 
mathematical proof



Peirce, C. S. (1931–58). Collected Papers of Charles Sanders 
Peirce. Harvard University Press, Cambridge, Mass. Eight 
Volumes [58, 5.145].
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 S. Toulmin. The uses of argument. CUP, Cambridge, (1958).
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Mathematics and Argumentation
Andrew Aberdein Found Sci (2009) 14:1–8







Frontstage mathematics



Backstage mathematics



Connecting to existing 
frameworks

• Peirce’s three types of reasoning

• Walton et al’s argumentation schemes

• Toulmin’s layout



Peirce’s three types of 
reasoning

1. Deduction

Rule All the beans from this bag are white. Case 
These beans are from this bag.
∴ Result These beans are white.



Peirce’s three types of 
reasoning

2. Induction

Case These beans are [randomly selected] from 
this bag. Result These beans are white.
∴ Rule All the beans from this bag are white.



Peirce’s three types of 
reasoning

3. Hypothesis [Abduction]
Rule All the beans from this bag are white. 
Result These beans [oddly] are white.
∴ Case These beans are from this bag.



The cornerstone of all 
scientific discovery

The surprising fact C is observed;
But if A were true, C would be a matter of course; 
Hence, there is reason to suspect that A is true. [Peirce, 
58, 5.188–89]

Two tasks:
• generation of different hypotheses
• selection of best hypothesis (to start testing)
“Every single item of scientific theory which stands 
established today has been due to Abduction.” [Peirce, 
58, 8.172]



The central problem of abduction

Understanding the criteria for selection of the best hypothesis. It must:

1. explain the surprising fact

2. be subject to experimental testing

3. be economical (worth our time to investigate). We should consider:
     (a) cost of verifying/falsifying the hypothesis (should be low);
     
     (b) intrinsic value in the hypothesis (should be high)— value is (i) 
its simplicity—following Ockham’s razor; and (ii) likelihood of it being 
true (estimated by previous experience).
    
     (c) the effect of the hypothesis on other projects



Deduction in maths...



Induction in maths...



Polya and Induction



Polya and Induction



Polya and Induction



Abduction in maths...



Lakatos’s theory of 

• Discussed the evolution of one particular 
argument in research mathematics over 
200 years.

• Showed how concepts, conclusion and 
premises underwent change.

• Focused on the role that counterexamples 
played.



Claim

For any polyhedron, the number of vertices 
(V) minus the number of edges (E) plus the 
number of faces (F) = 2.





Argument that V - E + F = 2
Step 1: Let us imagine the polyhedron to be 
hollow, with a surface made of thin rubber. If we 
cut one of the faces, we can stretch the 
remaining surfaces flat on the blackboard, 
without tearing it. The faces and edges will be 
deformed, the edges may become curved,and V 
and E will not alter, so that if and only if V−E+F= 
2 for the original polyhedron, V − E + F = 1 for 
this flat network - remember that we have 
removed one face.

     



Argument that V - E + F = 2

Step 2: Now we triangulate our map - it does 
indeed look like a geographical map. We draw 
(possibly curvilinear) diagonals in those (possibly 
curvilinear) polygons which are not already 
(possibly curvilinear) triangles. By drawing each 
diagonal we increase both E and F by one, so 
that the total V − E + F will not be altered. 

     



Argument that V - E + F = 2

Step 3: From the triangulated map we now remove 
the triangles one by one. To remove a triangle we 
either remove an edge - upon which one face and 
one edge disappear, or we remove two edges and a 
vertex - upon which one face, two edges and and 
one vertex disappear. Thus, if we had V − E + F = 1 
before a triangle is removed, it remains so after the 
triangle is removed. At the end of this procedure 
we get a single triangle. For this V − E + F = 1 holds 
true.     





Challenge

Is the claim true?

Is the argument valid? 



Responding to 

1. Monster-barring/adjusting: (Re)define your terms in 
a way which excludes the counterexample.

2. Exception-barring: Exclude an object or class of 
objects from the conclusion.

3. Lemma incorporation: Find the (possibly missing) 
faulty premise in the argument, and incorporate 
this premise as a condition in the conclusion.



User-given: entities, concepts, measures of interestingness, 
production rules, Lakatos methods

1. Form 
theory

4. Respond to requests

3. Send to T2. Evaluate
theory

5. Revise theory

Student Student Student

Teacher

Conjectures, 
counterexamples, 

concepts, proposals, 
responses, requests

Requests



Evolving concepts









The hollow cube

16 ï 24 + 12 = 4
HOLLOW CUBE                 16 - 24 + 12 = 4



P0

C: For any polyhedron, V - E + F = 2

P2

P8

P6P5P4P3

P1

P7



[1-10,integer, div,mult]
There do not exist integers a, b such that 

b + a = a and a + b = a



zero and any other integer 

[1-10,integer, div,mult]
There do not exist integers a, b such that 

b + a = a and a + b = a
[0-10,integer, div,mult]



zero and any other integer 

[1-10,integer, div,mult]
There do not exist integers a, b such that 

b + a = a and a + b = a
[0-10,integer, div,mult]

Zero is a problem entity.
I su%est we monster-bar it.



zero and any other integer 

[Checks new object against current theory. 
Finds it breaks 63% of its conjectures] 
     Okay - I’' accept that.

[1-10,integer, div,mult]
There do not exist integers a, b such that 

b + a = a and a + b = a
[0-10,integer, div,mult]

Zero is a problem entity.
I su%est we monster-bar it.



Rogue taxidermy and the platypus





There does not exist an 
animal which produces milk and 

lays e%s.



There does not exist an 
animal which produces milk and 

lays e%s.
The platypus does.



There does not exist an 
animal which produces milk and 

lays e%s.
The platypus does.

[Checks new object against current theory. 
Finds it breaks 11% of its conjectures] 
The platypus is not an animal



There does not exist an 
animal which produces milk and 

lays e%s.
The platypus does.

[Checks new object against current theory. 
Finds it breaks 11% of its conjectures] 
The platypus is not an animal

[Finds that the platypus breaks 31% of its 
own conjectures.]

     Okay - I’' accept that.



Evolving conclusions



P0

C: For any polyhedron, except those with cavities, V - E + F = 2

P2

P8

P6P5P4P3

P1

P7



1. Goldbach’s conjecture: 

All even numbers are the sum of two primes

         All even numbers except 2 are the sum of two 
primes

 2. All groups are Abelian           

        All self-inverse groups are Abelian

3. All integers have an even number of divisors

All non-squares have an even number of divisors

From TPTP library we invented 91 non-theorems. TM 
produced valid modifications for 83\% of them, with an 

 Rise of the Robogeeks, Michael Brooks. 
New Scientist 2697, March 3rd 2009



Evolving premises



P0: for any polyhedron, we can remove one 
face and then stretch it flat on the board, 
and V - E + F = 1

C: For any polyhedron, V - E + F = 2

P2

P8

P6P5P4P3

P1

P7



P0: for any polyhedron, we can remove one 
face and then stretch it flat on the board, 
and V - E + F = 1

C: For any polyhedron, V - E + F = 2

P2

P8

P6P5P4P3

P1

P7



P0

C: For any polyhedron, V - E + F = 2

P2

P8

P6P5P4P3

P1

P7: From a triangulated map, if we remove 
any triangle, then we either remove one F 
and one E, or one F, 2 E’s and one V



Cylinder: 
V-E+F=0-2+3=1







P0: for any polyhedron, we can remove one 
face and then stretch it flat on the board, 
and V - E + F = 1

C: For any polyhedron, V - E + F = 2

P2

P8

P6P5P4P3

P1

P7



• Part II: philosophical and linguistic 
differences between the processes of 
constructing and presenting mathematical 
proof



Online discussion sites for 
mathematicians

In collaboration with Prof Ursula Martin and 
Associate Prof Andrew Aberdein



Online collaborative 
mathematics

• successful mathematical practice is characteristically 
collaborative

• increasing ubiquity and reliability of online networking tools 
has facilitated the growth of remote collaboration

• ‘These examples [Linux, Wikipedia, and a chess match between 
Kasparov and a “World Team”] are not curiosities, or special cases; 

they are just the leading edge of the greatest change in the 
creative process since the invention of writing’

Nielsen, M. Reinventing Discovery: The New Era of Networked Science, Princeton University Press, 
USA, 2011.



Implications for the study 
of mathematical practice

• Online forums and blogs for informal mathematical discussion reveal 
some of the ‘back’ of mathematics: 

‘mathematics as it appears among working mathematicians, in informal 
settings, told to one another in an office behind closed doors’

Hersh, R. (1991). Mathematics has a front and a back. Synthese, 88:127–133.

• ‘it has provided, for possibly the first time ever (though I may well be wrong 
about this), the first fully documented account of how a serious research 
problem was solved, complete with false starts, dead ends etc. interested’ 

Gowers, T. (2009). Polymath1 and open collaborative mathematics. http://gowers.wordpress.com/
2009/03/10/.













Conclusion indicators

•  (0

2

4

6

8

therefore hence it follows that thus

MPMs PM1 P&R
BNC

per 10,000 words



Totals

0

75

150

225

300

question premise conclusion

MPMs PM1 P&R
BNC

per 10,000 words



Walton’s schemes



Analogy

• Generally, case C1 is similar to case C2.

• A is true (or false) in C1.

• Therefore, A is true (or false) in C2.



Analogy

Critical questions

1. Are C1 and C2 similar, in the respect cited?

2. Is A true (false) in C1?

3. Are there differences between C1 and C2 that 
would tend to undermine the force of the 
similarity cited?

4. Is there some other case C3 that is also similar to 
C1, but in which A is false (true)?



Analogy between two 
and three dimensions

line         plane

length           area

area               volume

polygon             polyhedron



An inference which holds...

Volume = Area*HArea = B*H



...and one which doesn’t



Popularity 

• If a large majority (everyone, nearly 
everyone, etc) accept A as true, then there 
exists a (defeasible) presumption in favour 
of A.

• A majority accept A as true

• Therefore, there exists a presumption in 
favour of A



Popularity 

Critical questions:

1. Does a large majority accept A as true?

2. Is there other relevant evidence which 
would support the assumption that A is 
not true?

3. What reason is there for thinking that 
this large majority is right?



hihi

 Hume Treatise on Human 
Nature, 1739 



Ongoing work...



People Research Question Methodology

Lakatos 
Is there a logic of 

discovery and 
justification?

Historical/philosophical  
analysis, rational 
reconstruction

Alan Smaill, Simon 
Colton, John Lee, Alison 

Pease

Is it possible/useful to 
write a computational 

representation of 
Lakatos?

Implement and evaluate:
interpret/extend/test

Lakoff and Nunez How do new concepts 
arise in maths?

Linguistic analysis

Goguen How do new concepts 
arise in maths?

Logical analysis



People Research Question Methodology

Alan Smaill, Markus 
Guhe,  Dan 

Winterstien, Ewen 
Maclean, Alison Pease, 

Joe Corneli, ....

Is it possible/useful to 
write a computational 

representation of 
concept-blending/

metaphors?

Implement and evaluate: 
interpret/extend/test

Ursula Martin, Andrew, 
Aberdein, Alison Pease

What are people 
talking about?

How does explanation 
work in maths?

Qualitative: data-driven 
(“based on GT” - dedoose, 
74) and hypothesis-driven 
(was Lakatos right?; 
explanation: understanding 
how/that; implicit why 
questions, ...)







20%

15%

32%

34%

ability knowledge understanding value

Total: people category



19%

8%

6%

17%
27%

18%

6%

initial problem proof assertion example
argument representation property

Total: maths category



Pa Pk Pu Pv Mip Mproof Mass Meg Marg Mrep Mprop Total:

Pa 8%
Pk 7%
Pu 7%
Pv 3%

Mip 8%
Mproof 17%
Mass 15%
Meg 14%
Marg 1%
Mrep 9%

Mprop 11%
Total: 5% 6% 6% 4% 5% 10% 18% 15% 7% 7% 16% 100

Ranges for all years 15-1910-145-90-4



Part III: hands-on analysis 
of mathematical and non-
mathematical arguments


